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We develop a method to describe the temporal evolution of an interacting system of bosons, for
which the field operator expansion is truncated after a finite number M of modes, in a rigorously
controlled manner. Using McLachlan’s principle of least error, we find a self-consistent set of equa-
tions for the many-body state. As a particular benefit, and in distinction to previously proposed
approaches, the presently introduced method facilitates the dynamical increase of the number of or-
bitals during the temporal evolution, due to the fact that we can rigorously monitor the error made
by increasing the truncation dimension M . The additional orbitals, determined by the condition
of least error of the truncated evolution relative to the exact one, are obtained from an initial trial
state by steepest constrained descent.
I. INTRODUCTION
Since the experimental realization of Bose-Einstein
condensates [1–3], a large variety of experiments with
bosonic isotopes, either atoms or molecules, have opened
up a fascinating mesoscopic and macroscopic quantum
world [4]. After an initial period, concentrating on the
effective single-particle physics of these ultracold dilute
gases [5], more recently their many-body physics came
into focus, revealing rich and hitherto unexpected possi-
bilities to test fundamental correlation properties at the
microscopic level [6]. There is a plethora of phenomena
to be explored, for example by going beyond the conven-
tional contact interaction pseudopotential to long-range,
in particular dipolar, interactions [7], when placing the
gas in an optical lattice, mimicking certain aspects of the
behavior of electrons in solids [8], or when the intricate
correlations of interacting many-body systems far from
equilibrium are studied [9]. The fundamental quest into
quantum many-body physics has also been, inter alia,
stimulated by the promise offered through quantum sim-
ulation [10, 11], i.e., to employ the highly controllable ul-
tracold dilute quantum gases to study other less control-
lable or even inaccessible quantum systems. The latter
frequently occur in solid state physics, which is plagued
by various practical problems, e.g., sample preparation
within exact specifications.
The extension to a true many-body physics, that is,
incorporating quantum correlations beyond mean-field
essentially to any order, requires, however, vast com-
putational resources when both the number of particles
and the interactions increase. Therefore, a simplification
of the problem by truncating the field operator expan-
sion to a finite number of modes (or, as an equivalent
term, single-particle orbitals) has been commonly uti-
lized to obtain results relevant to the prediction of ex-
periments in trapped bosonic quantum gases. The most
extreme truncation, the semiclassical form of mean-field
theory, retaining just one orbital, gives the well-known
Gross-Pitaevskiˇı equation. Without the aid of contem-
porary computers, it seemed to be inevitable until most
recently, particularly in out-of-equilibrium situations far
away from the ground state, to reduce the complexity of
the problem at hand as much as possible, and hence to
use the Gross-Pitaevskiˇı equation approach. With the
increased interest in many-body physics, however, there
arose the necessity to go beyond the all-too-simplified
mean field approach of the Gross-Pitaevskiˇı equation.
The accuracy of predictions on many-body correlations
and the corresponding response functions will increase
with a less severe degree of truncation.
To derive the equations of many-body evolution, var-
ious variational approaches can be employed. Histori-
cally the first was the variational ansatz of Dirac and
Frenkel [12, 13], followed by McLachlan’s variational
principle [14] and the time-dependent variational prin-
ciple (TDVP), which is a principle of stationary ac-
tion [15, 16]. Therefore, there are various, not nec-
essarily equivalent, choices of variational principle for
finding the equation of motion of the truncated many-
body evolution. The Dirac-Frenkel principle imposes
〈δΦ|Hˆ − i∂t|Φ〉 = 0 (~ ≡ 1), where 〈δΦ| denotes any
possible variations of the many-body state 〈Φ| with re-
spect to a given set of variational parameters, whereas
McLachlan’s principle requires that the error of many-
body evolution must be minimized. On the other hand,
the TDVP, as stated, requires stationarity of a given ac-
tion. The three principles thus support quite different
doctrines.
Applying either the TDVP or the Dirac-Frenkel prin-
ciple, in [16–19] a method coined MCTDHB (Multi-
Configurational Time-Dependent Hartree method for
Bosons) has been proposed. This approach has, for ex-
ample, provided tools for the description of macroscopic
condensate fragmentation of bosonic many-body states
[20], which is of nontrivial relevance in particular for the
description of fragmented condensates in single traps [21–
23]. We will describe below in detail that, besides its
many beneficial properties and numerical successes, the
MCTDHB method remains incomplete in certain situa-
tions. Specifically, when the single-particle density ma-
2trix (SPDM) becomes singular, i.e., noninvertible, the
method fails to provide a self-consistent solution, and
has to be repaired by hand. As a consequence, MCTDHB
does not provide a recipe to propagate, for example, a sin-
gle condensate into a fragmented condensate many-body
state. Although MCTDHB provides an important tool
to describe the many-body physics of interacting bosons,
the method therefore lacks the possibility to directly con-
nect the phenomena of condensation and fragmentation.
Here, critically examining the Dirac-Frenkel principle
and the TDVP, and then adopting alternatively McLach-
lan’s principle for truncated many-body evolution, we im-
prove on the previously proposed multi-configurational
Hartree methods, in that we propose a procedure for
the solution of the singularity problem of a noninvert-
ible SPDM. We will also validate the resulting equations
of MCTDHB in a different manner, however, addition-
ally offering a straightforward handling of the exceptional
evolution points related to the singularity of the SPDM.
II. VARIATIONAL PRINCIPLES
Let us now discuss the possible variational principles in
more detail. We are aiming at finding an approximate so-
lution of the many-body Schro¨dinger equation when the
state |Φ〉 is restricted (or truncated). McLachlan’s prin-
ciple [14], which was presented in 1963 as a new version of
Frenkel’s principle, requires the minimization of the error
or remainder of this approximate solution from the exact
evolution. The time evolution of any state is dictated by
Schro¨dinger’s equation, i∂t|Φ〉 = Hˆ|Φ〉. In other words,
the evolution of state is determined by the Hamiltonian
at any moment. However, to make the state |Φ〉 manip-
ulable, we are generally forced to restrict or confine the
state |Φ〉 into some simple and computationally feasible
forms. With the state |Φ〉 in restricted form, [i∂t− Hˆ]|Φ〉
cannot be exactly zero in general. Therefore, McLach-
lan’s principle aims at finding the approximate solution
which minimizes the positive semidefinite error measure
〈Φ|[i∂t−Hˆ]†[i∂t−Hˆ ]|Φ〉. The details of the corresponding
procedure will be rephrased in section II B, after intro-
ducing a concrete way to restrict the many-body state in
a computationally feasible form.
Hence it is guaranteed that the equation of motion
obtained from McLachlan’s principle follows the exact
evolution most similarly under given constraints. The
most appealing feature of McLachlan’s principle is thus
that it is a quite intuitive principle. Since it offers the
possibility to evaluate the error directly, we can inter-
mediately, monitoring the error, increase the number of
orbitals in the truncated field operator expansion, i.e.
truncate the state less, to assure accuracy of the result.
Alternatively, to save computational costs and time, the
number of orbitals can also be decreased intermediately,
i.e. by truncating the state more, in particular in cases
where decreasing the number of orbitals does not affect
the accuracy of the result significantly. Our scheme, de-
scribed in detail below, in which McLachlan’s principle is
applied, therefore offers the opportunity to dynamically
adjust the truncation of field operators or the state itself
properly during computational time evolution, since we
can monitor the error. As a particular benefit, a con-
tinously applied convergence test, mandatory for MCT-
DHB, is unnecessary, as we can directly obtain an error
which indicates automatically how well our approach de-
scribes the interacting system of bosons. In addition, the
TDVP which was carried out in MCTDHB [16] requires
stationarity of action, δS = 0. This does not necessar-
ily mean an extremum (minimum or maximum) of the
action. Though stationary points include local extrema,
the principle practically imposes only stationarity of the
action: The equation of motion comes from a stationary
point of the action, which is not even necessarily a local
minimum or maximum.
In many-body quantum mechanics, the action is writ-
ten in terms of an expectation value of an operator-valued
functional:
S =
∫
dt
∫
d~x
〈
Φ
∣∣[ 1
2m
3∑
i=1
(
∂iΨˆ
†(~x)
)(
∂iΨˆ(~x)
)
+ Vtrap(~x, t)Ψˆ
†(~x)Ψˆ(~x)
]∣∣Φ〉
+
1
2
∫
dt
∫∫
d~xαd~xβ
〈
Φ
∣∣V (~xα, ~xβ)Ψˆ†(~xα)Ψˆ†(~xβ)Ψˆ(~xβ)Ψˆ(~xα)∣∣Φ〉−
∫
dt
〈
Φ
∣∣[[i∂t]+ [i∂t]†
2
]∣∣Φ〉,
(1)
which is in quantum mechanical correspondence to the
classical Lagrangian action. Here, Vtrap(~x, t) is the (in
general time-dependent) scalar trap potential confining
the atoms, V (~xα, ~xβ) is the two-body interaction poten-
tial, and m the mass of bosons. This is a real-valued
functional of the many-body state |Φ〉 [25]. Sometimes
the action is simply expressed as S =
∫
dt 〈Φ|Hˆ− i∂t|Φ〉.
Variationally changing the state |Φ〉 and the temporal
change of the state ∂t|Φ〉, we find the evolution of the
state around the stationary action point.
However, when the form of the state is restricted or
truncated for computational reasons in the sense that
the state resides in a sub-Hilbert space, it is question-
able whether the equation of motion obtained in the
3sub-Hilbert space leads to an evolution most similarly
to the exact one obtained with the unlimited full Hilbert
space. Even though the equation of motion obtained vari-
ationally with a non-truncated state can give the correct
many-body Schro¨dinger equation, we cannot rely on the
correctness of the equation when the state is truncated.
For example, the path of stationary action with limita-
tions imposed on the path can in principle deviate far
from the one obtained without any constraints on the
path.
As a simple specific example, when we restrict the
state to have only an overall phase change, i.e. |Φ(t)〉 =
e−iΩt|Φ〉, the action becomes S = ∫ dt(〈Hˆ〉 − Ω). De-
pending on the value of Ω, the action can be positive or
negative. Actually there is no upper bound and lower
bound on this action. For some types of constrained
states as above, there can be no stationary point of the
action at all. So when applying the TDVP, at least the
convergence upon increasing the number of orbitals, i.e.
loosening the constraints, must be tested for every spe-
cific problem, to ensure the validity of the results. This
is because, in contrast with McLachlan’s principle, there
is no direct error indicator in the TDVP which controls
the accuracy of the approximation.
The earliest variational principle for the approximate
solution of many-body dynamics is Dirac-Frenkel’s prin-
ciple [12, 13], which requires
〈δΦ|Hˆ − i∂t|Φ〉 = 0, (2)
where δΦ denotes possible variations of the many-body
state Φ with respect to the variational parameters. The
equation is quite similar to the TDVP when the action is
given by S =
∫
dt〈Φ|Hˆ−i∂t|Φ〉. The difference and (pos-
sible) equivalences between Dirac-Frenkel’s, McLachlan’s
and other variational principles have been extensively
discussed in the past [15, 24]. In [15], it is concluded that
if the relevant manifold, i. e. the sub-Hilbert space, can
be parametrized by pairs of complementary parameters,
the above mentioned principles are equivalent. In [24],
it is insisted that both Dirac-Frenkel’s and McLachlan’s
variational principles are equivalent if both δΦ and δΦ∗
are possible independent variations. But “equivalence”
here merely indicates the same resulting equation under
given conditions, not the equivalence of the principles
themselves. In addition, we note that the simple-minded
point of view that δΦ and δΦ∗ are possible independent
variations can easily lead to incorrect conclusions, since
δΦ∗ is simply the complex conjugate of δΦ [26]. Further-
more, as explained in detail later, principles which re-
sult in the problem of a noninvertible SPDM, which was
mentioned already in the above, lack some information
in comparison to McLachlan’s principle, which resolves
this problem.
In summary, comparing the three variational princi-
ples, McLachlan’s principle appears to be most suit-
able for finding a truncated many-body dynamics which
approximates the real dynamics of interacting bosons.
Adopting McLachlan’s principle, in the following sec-
tions, we demonstrate that the variationally optimal
truncation of the many-body dynamics of interacting
bosons can be adaptively controlled with a monitored
error.
A. Truncating a many-body state
The limited or restricted forms of the state |Φ〉 for
the truncated many-body dynamics can in principle take
any form. In the simplest case, assuming that the occu-
pation numbers of bosons concentrate in one orbital for
the whole time of evolution, we can treat the many-body
state with one single-particle orbital. More generally, the
state will reside in a sub-Hilbert space of a specific form.
An easily extendable and flexible form of the limitation
on the size of the Hilbert space is the multiconfigura-
tional time-dependent Hartree wavefunction ansatz, in
which the many-body state of bosons is described as a lin-
ear combination of permanents |~n〉, with a finite number
M of orthonormalized time-dependent single-particle or-
bitals. Increasing the numberM of orbitals, we can easily
extend the time-dependent sub-Hilbert spaceM(t). The
basic steps in the procedure are as follows.
Firstly, the many-body Hamiltonian is given by
Hˆ =
∫
d~x Ψˆ†(~x)
[
− ∇
2
2m
+ Vtrap(~x)
]
Ψˆ(~x)
+
1
2
∫∫
d~xαd~xβ Ψˆ
†(~xα)Ψˆ
†(~xβ)V (~xα, ~xβ)Ψˆ(~xβ)Ψˆ(~xα).
(3)
With a complete set of basis orbitals, the field operators
of creation and annihilation of particles are expressed by
the expansions
Ψˆ†(~x) =
∞∑
i=1
aˆ
†
iφ
∗
i (~x) and Ψˆ(~x, t) =
∞∑
i=1
aˆiφi(~x, t).
(4)
Using these, the Hamiltonian can be written as
Hˆ =
∞∑
i,j=1
ǫij aˆ
†
i aˆj +
1
2
∞∑
i,j,k,l=1
Vijkl aˆ
†
i aˆ
†
j aˆkaˆl (5)
where the single-particle matrix elements are
ǫij =
∫
d~x φ∗i (~x)
[
− ∇
2
2m
+ Vtrap(~x)
]
φj(~x), (6)
while the two-body interaction elements are represented
by
Vijkl =
∫∫
d~xαd~xβ φ
∗
i (~xα)φ
∗
j (~xβ)V (~xα, ~xβ)φk(~xβ)φl(~xα).
(7)
4We abbreviate sometimes, for the sake of convenience,
aˆ
†
ij ≡ aˆ†i aˆj , aˆ††ijkl ≡ aˆ†i aˆ†j aˆkaˆl,
aˆ
††
ijk ≡ aˆ†i aˆ†j aˆk, aˆ†ijk ≡ aˆ†i aˆj aˆk.
(8)
Then, the Hamiltonian can be written in short-hand form
as Hˆ = hˆ+ 12 Vˆ =
∑∞
i,j=1 ǫij aˆ
†
ij +
1
2
∑∞
i,j,k,l=1 Vijkl aˆ
††
ijkl .
To find the many-body ground state |G〉, we have to
minimize the energy expectation value EG = 〈G|Hˆ |G〉.
Without any restrictions on the state |G〉, the actual ex-
act ground state will be found. However, we cannot de-
scribe a state exactly as this will in general require in-
finitely many orbitals (or variables). So we confine the
state into a space of finite dimension, i.e. using only finite
number M of orbitals, which is computationally feasible,
|GM〉 =
∑
~n∈M
C~n|~n〉. (9)
The above is regarded as the truncation of the many-
body bosonic state. Here |~n ∈M〉 indicates a normalized
Fock state or a permanent
|~n〉 ≡
(
aˆ
†
1
)n1(
aˆ
†
2
)n2 · · · (aˆ†M)nM√
n1!n2! · · ·nM !
|vac〉 with
M∑
i=1
ni = N,
(10)
which is a N particle state of which the individual mem-
bers are composed of n1 particles in the φ1(~x) orbital, n2
particles in the φ2(~x) orbital, · · · , and nM particles in the
φM (~x) orbital. The M orbitals must be orthonormalized
to each other, ∫
d~x φ∗i (~x)φj(~x) = δij . (11)
These orbitals compose the sub-Hilbert manifold spanned
by M orthonormal orbitals, which will be denoted byM
in our context. The operators of creation and annihila-
tion on these are related to the field operators in position
space by the inversion of Eq. (4),
aˆ
†
i =
∫
d~x Ψˆ†(~x)φi(~x) and aˆi =
∫
d~x Ψˆ(~x)φ∗i (~x).
(12)
Here, a sub-Hilbert space spanned by
∑M
i=1 ciφi(~x) is to
be chosen so as to describe the ground state optimally.
Furthermore, the coefficients C~n which give the minimum
of energy are to be determined. Then, |GM〉 can be
considered as an optimal truncation of the actual ground
state |G〉. The details on how to proceed concretely will
follow below in section III.
In the time-evolving case, we change not only the co-
efficients C~n along time, but also the sub-Hilbert space
M changes with time. With a time-varying truncation
of the many-body state, we can express the state as
|Φ(t)〉 =
∑
~n∈M(t)
C~n(t)|~n; t〉, (13)
with time-varying orbitals and their conjugate creation
operators
aˆ
†
i (t) =
∫
d~x Ψˆ†(~x)φi(~x, t). (14)
This approach was also incorporated in MCTDHB [16].
The time differentiation of the state |Φ(t)〉 then becomes
i∂t|Φ(t)〉 =
∑
~n∈M(t)
[(
i∂tC~n(t)
)|~n; t〉
+ C~n(t)
M∑
i=1
∫
d~x
(
i∂tφi(~x, t)
)
Ψˆ†(~x)aˆi|~n; t〉
]
.
(15)
Expanding i∂tφi(~x, t) with a complete basis yields
i∂tφi(~x, t) =
∞∑
k=1
φk(~x, t) tki(t). (16)
where the matrix tki for 1 ≤ k ≤ M indicates an inner
rotation inside the sub-Hilbert space, whereas tki for k >
M changes the sub-Hilbert space itself. Integrating both
sides after multiplying with φ∗k(~x, t), we obtain
tki(t) =
∫
d~x φ∗k(~x, t)i∂tφi(~x, t). (17)
Then Eq. (15) can be expressed in the alternative form
i∂t|Φ(t)〉 =
∑
~n∈M(t)
[(
i∂tC~n(t)
)|~n; t〉
+ C~n(t)
∞∑
k=1
M∑
i=1
tkiaˆ
†
ki|~n; t〉
]
.
(18)
These preliminaries will be used in the following sections,
providing the tools for describing the truncated state |Φ〉
optimally.
B. Adapting the number of orbitals
The governing equation of MCTDHB which comes
from either Dirac-Frenkel’s principle or TDVP implies
that the SPDM must be always invertible, not only ini-
tially but also at any instant time afterwards. We quote
here the equation (26) in [16], which is
i∂tφk(~x, t)
=
∞∑
l=M+1
φl(~x, t)
[
ǫlk +
M∑
i,n,p,q=1
Vlnpq〈ρ〉−1ki 〈aˆ††inpq〉
]
(19)
in our notation, where 〈ρ〉−1ki represents the inverse of the
SPDM 〈ρij〉 ≡ 〈aˆ†ij〉. In [16], it appears to be taken for
granted that the SPDM is always invertible. When the
SPDM becomes noninvertible, however, the MCTDHB
5method in fact suddenly fails. For example, when the
whole bosons of our interest reside initially in a single or-
bital, MCTDHB cannot propagate this pure condensate
into any fragmented state. The method does not provide
a direct way to find the form of the second orbital in this
case.
To decrease the sub-Hilbert space or the number of
orbitals is not an issue. We can simply eliminate those
orbitals with an occupation number ignorable, i.e. not of
order N . However, to increase the sub-Hilbert space di-
mension, that is the number of orbitalsM , becomes diffi-
cult since an increase of the sub-Hilbert space and an ad-
ditional orbital must be set up optimally. Noninvertibil-
ity of the SPDM can obviously also happen dynamically.
Unoccupied orbitals or scarcely occupied orbitals thus
cause a problem with the dynamics of MCTDHB. These
problems cannot be resolved by Dirac-Frenkel’s princi-
ple or the TDVP. As McLachlan’s principle is based on
requiring that the least error should be acquired during
time evolution, we may resolve this problem by finding
an additional orbital which minimizes the error, as will
be expounded in detail below.
McLachlan’s principle does not use the action, but the
concept of error or remainder. We know the exact form
of the many-body Schro¨dinger equation. It is i∂t|Φ〉 =
Hˆ |Φ〉 with the full Hamiltonian Eq. (3) in second quan-
tization form. Since the exact calculation is too cumber-
some, we can represent the state by the relatively simple
multiconfigurational time-dependent Hartree form. The
remainder from exact evolution in any case becomes
[
i∂t − Hˆ
]∣∣Φ〉. (20)
In this expression, the left part i∂t|Φ
〉
is an evolution
of the state |Φ〉 in its limited, truncated form and the
right part Hˆ |Φ〉 represents the exact evolution. Here,
the initial state is specified in its truncated form, while
the Hamiltonian Hˆ is not truncated.
A quantitative measure of the instantaneous error is
then
〈
Φ
∣∣[i∂t − Hˆ]†[i∂t − Hˆ]∣∣Φ〉 ≥ 0, (21)
which is (by definition) positive semidefinite. We have
to minimize this error by varying the truncated state in
Eq. (13).
III. MINIMIZING THE ENERGY OF THE
TRUNCATED MANY-BODY STATE
A. Variational method with Lagrange multipliers
Before investigating the dynamics, let us demonstrate
the time-independent scheme first. To find the many-
body ground state, we have to minimize the energy ex-
pectation value
EGM = 〈GM|Hˆ |GM〉 =
[ ∑
~m∈M
〈~m|C∗~m
]
Hˆ
[ ∑
~n∈M
C~n|~n〉
]
(22)
by varying the coefficients C~n’s and the set of M orbitals
{φi}, subject to the (1 +M2) constraints∑
~n
C∗~nC~n = 1 (1 constraint) (23)
and ∫
d~x φ∗i (~x)φj(~x) = δij for i, j ≤M
(M2 constraints).
(24)
The variation with respect to the expansion coefficients
C~n gives
∂EGM
∂C∗
~n
= 〈~n|Hˆ
∑
~m∈M
C~m|~m〉 = λC~n = EGMC~n, (25)
where ~n ∈ M [27]. We have a real functional EGM
Eq. (22) to be minimized, and one real equation of con-
straint, Eq. (23), with (N+M−1)!
N !(M−1)! complex variables C~n
when we fix the total number of bosons at N . The un-
determined Lagrange multiplier λ which has to be real is
determined to be EGM with the help of the constraint in
Eq. (23).
Using the properties ǫ∗ij = ǫji, Vijkl = Vjilk and V
∗
ijkl =
Vlkji = Vklij , we can express the above equation explicitly
as
〈~n|Hˆ
∑
~m∈M
C~m|~m〉 = EGMC~n
=
∑
l
[
ǫll +
1
2
Vllll(nl − 1)
+
1
2
∑
k
′
(Vlklk + Vlkkl)nk
]
nlC~n
+
∑
j,l
′
[
ǫlj + Vlllj(nl − 1) + Vljjjnj
+
∑
k
′
(Vlkkj + Vlkjk)nk
]√
(nj + 1)nlC~nj
l
+
1
2
∑
j,l
′
Vlljj
√
(nj + 2)(nj + 1)(nl − 1)nlC~njj
ll
+
1
2
∑
i,j,l
′
Vllji
√
(ni + 1)(nj + 1)(nl − 1)nlC~nij
ll
+
1
2
∑
j,k,l
′
Vlkjj
√
(nj + 2)(nj + 1)nknlC~njj
kl
+
1
2
∑
i,j,k,l
′
Vlkji
√
(ni + 1)(nj + 1)nknlC~nij
kl
,
(26)
6where the primed summation
∑′
is performed such that
different indices can have only different values. For exam-
ple, summations over two and three indices are
∑
j,l
′ ≡∑
j
∑
l 6=j ,
∑
i,j,l
′ ≡ ∑i∑j 6=i∑l 6=(i,j), and ∑k ′ inside
a bracket means
∑
k 6=(the other indices). Though Eq. (26)
is just an eigenvalue equation with fixed matrix compo-
nents, the terms ǫij and Vijkl are matrix elements de-
pending on the orbitals.
For variation with respect to the orbitals {φk}, func-
tional differentiation is used. As the permanent |~n〉 is
constructed from repeatedly applying creation operators
of particles in the M orbitals, it can be regarded to be
given by multiple integrations over the orbitals φk(~x),
|~n〉 =
∫
d~xαφi(~xα)Ψˆ
†(~xα)
∫
d~xβφj(~xβ)Ψˆ
†(~xβ) · · · |vac〉.
(27)
As each functional differentiation contributes to the re-
sult, this will be counted by a factor aˆ†k, which results
in ∂〈Φ|
∂φ∗
k
(~x) = 〈Φ|aˆ†kΨˆ(~x). But as the full Hamiltonian Hˆ,
which is given in field form by Eq.(3), is independent on
theM orbitals chosen, the functional differentiation of Hˆ
with respect to the orbitals {φk} gives zero, ∂Hˆ∂φ∗
k
(~x) = 0.
Then functional variation of EGM in Eq. (22) with re-
spect to the orbitals {φk}, combined with the functional
constraints Eq. (24), leads to
∂EGM
∂φ∗k(~x)
=
[ ∑
~m∈M
〈~m|C∗~m
]
aˆ
†
kΨˆ(~x)Hˆ
[ ∑
~n∈M
C~n|~n〉
]
=
M∑
j=1
λkjφj(~x),
(28)
where λjk = λ
∗
kj is a Hermitian matrix. Here the method
of Lagrange multipliers with complex functional variables
is used [27]. Integrating each side over space after multi-
plication with φ∗l (~x) yields
[ ∑
~m∈M
〈~m|C∗~m
]
aˆ
†
kaˆlHˆ
[ ∑
~n∈M
C~n|~n〉
]
=
{
λkl for l ≤M
0 for l > M.
(29)
Here, using Eq. (25) and the property that ~mlk ∈ M
when k, l ≤ M and ~m ∈ M [28], the undetermined set
of Lagrange multipliers λkl becomes related to EGM by
λkl = EGM〈aˆ†kl〉 for k, l ≤ M . Using Eq. (3) and the
bosonic commutation relations between field operators,
i.e. [Ψˆ(~x), Ψˆ†(~x′)] = δ
(
~x − ~x′), [Ψˆ(~x), aˆ†k] = φk(~x), and
so on, Eq. (28), 〈aˆ†kΨˆ(~x)Hˆ〉 =
∑M
j=1 λkjφj(~x), is explic-
itly expressed as
∞∑
j=1
〈aˆ†kj〉
[
− ∇
2
2m
+ Vtrap(~x)
]
φj(~x)
+
∞∑
p,q,j=1
〈aˆ††kpqj〉
∫
d~x′ φ∗p(~x
′)V (~x, ~x′)φq(~x
′)φj(~x)
+ 〈aˆ†kHˆΨˆ(~x)〉 =
M∑
j=1
λkjφj(~x).
(30)
Since we can eliminate the annihilations above M , we
obtain
M∑
j=1
〈aˆ†kj〉hˆφj(~x) +
M∑
p,q,j=1
〈aˆ††kpqj〉Vˆpqφj(~x)
=
M∑
j=1
[
λkj − 〈aˆ†kHˆaˆj〉
]
φj(~x)
=
M∑
j=1
[
EGM 〈aˆ†kaˆj〉 − 〈aˆ†kHˆaˆj〉
]
φj(~x) ≡
M∑
j=1
λ˜kjφj(~x),
(31)
where the new undetermined Lagrange multipliers λ˜kj ≡
λkj − 〈aˆ†kHˆaˆj〉 which satisfy λ˜∗kj = λ˜jk, are introduced.
We abbreviated, for the sake of convenience, two single-
particle and interaction operators defined by
hˆφj(~x) ≡
[
− ∇
2
2m
+ Vtrap(~x)
]
φj(~x) (32)
and
Vˆpqφj(~x) ≡
∫
d~x′ φ∗p(~x
′)V (~x, ~x′)φq(~x
′)φj(~x). (33)
B. Method of steepest constrained descent
To find the tentative ground state |GM 〉, we have to
find the coefficients C~n and the complex orbital func-
tions φk(~x) satisfying Eq. (26) and (31) simultaneously.
Additionally, the solutions must satisfy all (1+M2) con-
straints Eq. (23, 24). The number of real values which
we should find is 2 (N+M−1)!
N !(M−1)! for the set of the C~n, 2M
real functions for the φk(~x), and (1 + M
2) real values
for the undetermined Lagrange multiplier EGM and the
λkj . The number of given real equations therefore is
2 (N+M−1)!
N !(M−1)! for Eq. (26), 2M real functional equations for
Eq. (31), and (1 +M2) for Eq. (23, 24). Apart from the
large number of variables, the equations (23, 24, 26, 31)
are coupled. To find a self-consistent solution is there-
fore obviously a very difficult problem.
In ref. [29], the authors started from an initial guess,
then iteratively, with a convergence check, they obtained
a solution. A few years later in ref. [16], applying the
7Wick rotation it→ τ on the equations of motion, they in-
troduced the so-called imaginary time propagation. They
stated that this reduces any arbitrary initial many-body
state after a sufficient time of propagation to the ground
state. The imaginary time evolution i ∂
∂t
|Φ〉 = Hˆ|Φ〉 ⇒
− ∂
∂τ
|Φ〉 = Hˆ |Φ〉 implies that e−iHˆt ⇒ e−Hˆτ |Φ〉. As
τ goes to infinity, this seems to indicate that only the
ground state survives and the excited states would no
longer contribute. The contribution of the excited states
decays exponentially according to a factor which is pro-
portional to the energy difference from the ground state
and to τ .
Here, we present the method of steepest constrained
descent, which is instrumental in constructing the the-
ory and design of higher-order algorithms of optimiza-
tion with constraints. Since our problem requires opti-
mization with constraints on the variables Eq. (23, 24),
a simple-minded gradient (or, as it is more commonly
termed steepest) descent method does not apply in our
case. There are already numerous higher-order opti-
mization algorithms without constraints such as Newton’s
method, conjugate gradient method, BFGS (Broyden-
Fletcher-Goldfarb-Shanno) method, and the Barzilai-
Borwein method [30]. But these methods are not appli-
cable to our problem since the function to be minimized
with constraints on the variables is generally unbounded
without constraints. For example, the energy 〈Hˆ〉 with
unnormalized state |Φ〉 can be zero, or ±∞. So when the
actual ground-state energy is positive, the global min-
imum is where all C~n = 0. For this case, e.g. New-
ton’s method will simply lead to an incorrect solution.
In other words, since our final point is not a global min-
imum without constraints, it can not be approximated
as a quadratic function
[
f(x) = 1
2
x
T
Ax+ bTx
]
around
the minimum point (with constraints included). So all of
these above-mentioned other methods, which are based
on the expansion properties of the function around the
minimum to second order will fail.
On the other hand, the method of steepest constrained
descent guarantees that any given state is propagated to
the neighboring lowest value point along the steepest con-
strained path for given variational parameters. Though it
propagates a state only to a local neighboring minimum
point, we can find in many cases the global minimum,
or the ground state, from a well-chosen initial state, and
with in addition well-chosen variational parameters. Al-
though this does not deliver the state along the short-
est path, the very large number of degrees of freedom
on the choice of variational parameters or the sequential
processing (separation) of variations can compensate in
many cases. Furthermore the step size can be determined
by one-point or two-point methods. The flexibility of the
method of steepest constrained descent will therefore be
beneficial for finding the ground state.
Let us see the process in more detail. The first step is
to find (by educated guess) an appropriate initial state,
specifying the coefficients C~n and the M orbitals which
we believe are appropriate to approximately describe the
ground state of a given system. From this initial guess,
the state is propagated as follows. For the expansion
coefficients C~n, using the steepest constrained descent
[31],
dC~n
dτ
= −∆C(τ)
[
〈~n|Hˆ
∑
~m
C~m|~m〉 − λC~n,
]
(34)
where ∆C(τ) is any arbitrary positive function of τ which
is introduced to satisfy
∑
~n
dC∗~n
dτ
dC~n
dτ
=constant at a cer-
tain given instant τ and therefore can be chosen in a con-
venient way to save time and calculation costs. Since it
must satisfy
∑
~n C
∗
~nC~n = 1, i.e.
∑
~n
[
C∗~n
dC~n
dτ
+
dC∗~n
dτ
C~n
]
=
0, λ is to be 〈Hˆ〉.
As another option, we can use a polar representa-
tion for C~n. Representing the complex variable C~n by
an Euler representation with a radius ξ~n and an angle
θ~n gives C~n = ξ~ne
iθ~n . Then the constraint Eq. (23)
becomes
∑
~n ξ
2
~n = 1, restricting only the radial com-
ponent of the complex variables C~n. Since we do not
have to confine the variable change into the specific form∑
~n
[(
dξ~n
dτ
)2
+ ξ2~n
(
dθ~n
dτ
)2]
=constant, separating the two
variable sets can be much more efficient in this case. That
is, we set dξ~n
dτ
= 0 and
∑
~n
(
dθ~n
dτ
)2
=const for the selected
τ time spans which would be chosen in a computationally
favorable way, as well as dθ~n
dτ
= 0 and
∑
~n
(
dξ~n
dτ
)2
=const
for the other τ spans. Then the method of steepest con-
strained descent gives
dξ~n
dτ
= 0,
dθ~n
dτ
= −∆θ(τ)ℑ
(
ξ~ne
−iθ~n〈~n|Hˆ〉), (35)
for some given τ spans, and
dθ~n
dτ
= 0,
dξ~n
dτ
= −∆ξ(τ)
[
ℜ(e−iθ~n〈~n|Hˆ〉)− λξ~n]
(36)
for the other following τ -intervals. Here ℜ means real
part of complex number and ℑ means imaginary part
of complex number. Using
∑
~n ξ
2
~n = 1, and therefore∑
~n 2ξ~n
dξ~n
dτ
= 0, then λ = 〈Hˆ〉. Dealing with ξ~n and
θ~n separately, we propagate the two variable sets succes-
sively and iteratively until convergence is achieved. Em-
ploying any sequence, they will ultimately approach the
minimum.
For the orbitals φk(~x), the method of steepest con-
strained descent gives
dφk(~x)
dτ
= −∆φk(τ)
[
〈aˆ†kΨˆ(~x)Hˆ〉 −
M∑
j=1
λkjφj(~x)
]
= −∆φk(τ)
[ M∑
j=1
〈aˆ†kj〉hˆφj(~x) +
M∑
p,q,j=1
〈aˆ††kpqj〉Vˆpqφj(~x)
−
M∑
j=1
λ˜kjφj(~x)
]
.
(37)
8If we propagate the orbitals separately one after another,
i.e. only the k-th orbital changes within a certain period,
the constraint becomes
∫
d~x φ∗l (~x)
φk(~x)
dτ
= 0 for l 6= k and∫
d~x
(
φ∗k(~x)
φk(~x)
dτ
+
φ∗k(~x)
dτ
φk(~x)
)
= 0. Then the undeter-
mined Lagrange multipliers becomes
λ˜kl =
M∑
j=1
〈aˆ†kj〉ǫlj +
M∑
p,q,j=1
〈aˆ††kpqj〉Vlpqj (38)
and
λ˜kk = ℜ
( M∑
j=1
〈aˆ†kj〉ǫkj +
M∑
p,q,j=1
〈aˆ††kpqj〉Vkpqj
)
. (39)
Separating the propagation of the orbitals, i.e. propagat-
ing the orbitals one after another independently, makes
the process easier to control.
In a numerical implementation, the method of steepest
constrained descent is performed in discrete steps. Then
a projection onto the set of constraints must be employed
at every discrete step. Using just a one-point step size
method, we can use the Lagrange multipliers λkj as a
degree of freedom to save computational cost, since we
do not need to consider the propagation outside of the
constraints. As an example, we can set λkj = 〈aˆ†kHˆaˆj〉
in Eq. (37) so that we do not need to calculate the quan-
tities 〈aˆ†kHˆaˆj〉. However, to ensure fast convergence, the
optimal step size is determined with a two-point or even
four-point method. The role of Lagrange multipliers is
crucial, then, because we mix two gradients at different
points. Because of the finite step size, the propagation
outside of the constraints at one point can be the direc-
tion of the steepest constrained descent at another point.
The task in a concrete implementation therefore is to
combine the proper directions with appropriately chosen
Lagrange multipliers at different points, to optimize the
speed of convergence.
IV. CONTROL OF TRUNCATED MANY-BODY
EVOLUTION
A. Evaluating the error of truncated many-body
evolution
The instantaneous error is expressed by Eq. (21). Min-
imizing this error with a state change under the trunca-
tion Eq. (13) gives us the appropriate many-body evolu-
tion. This offers, as a major benefit of the present ap-
proach, a definite value of the error, which indicates how
accurately the truncated evolution describes the exact
one.
Explicitly expressing the error, we have
〈Φ|[Hˆ − i∂t]†[Hˆ − i∂t]|Φ〉
=
∑
~n∈M(t)
[
〈~n|C∗~nHˆ + 〈~n|
(
i∂tC
∗
~n
)
+
M∑
i=1
〈~n|C∗~naˆ†i
∫
d~x
(
i∂tφ
∗
i (~x, t)
)
Ψˆ(~x)
]
×
∑
~m∈M(t)
[
HˆC~m|~m〉 −
(
i∂tC~m
)|~m〉
−
M∑
j=1
∫
d~x′
(
i∂tφj(~x
′, t)
)
Ψˆ†(~x′)aˆjC~m|~m〉
]
.
(40)
We minimize this instantaneous error, varying the com-
plex variables ∂tC~n and ∂tφi(~x, t) subject to the (1 +
M2) constraints
∂t
[∑
~n
C∗~n(t)C~n(t) = 1
]
⇒
∑
~n
[(
∂tC
∗
~n(t)
)
C~n(t) + C
∗
~n(t)
(
∂tC~n(t)
)]
= 0.
(41)
From the orthonormality condition, we obtain
∂t
[ ∫
d~xφ∗i (~x, t)φj(~x, t) = δij
]
⇒
∫
d~x
[(
∂tφ
∗
i (~x, t)
)
× φj(~x, t) + φ∗i (~x, t)
(
∂tφj(~x, t)
)]
= 0.
(42)
Eq. (41) requires probability conservation of the state it-
self and Eq. (42) requires conservation of orthonormality
of orbitals. Using the expression Eq. (17), Eq. (42) can
be expressed as the hermiticity condition t∗ji = tij .
Variation with respect to ∂tC
∗
~n leads to
〈~n|i[Hˆ − i∂t]|Φ〉 = λ(t)C~n, (43)
resulting in
i∂tC~n = 〈~n|
[
Hˆ −
∞∑
i=1
M∑
j=1
tij aˆ
†
ij
]|Φ〉+ iλ(t)C~n. (44)
As the constraint Eq. (41) enforces λ(t) = 0,
〈~n|[Hˆ − i∂t]|Φ〉 = 0; (45)
hence the time evolution of the expansion coefficients
takes the form
i∂tC~n = 〈~n|
[
Hˆ − tˆ ]|Φ〉 (46)
where ~n ∈M(t) and tˆ =∑i,j tij aˆ†ij .
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∗
k(~x, t) gives
〈Φ|iaˆ†kΨˆ(~x)
[
Hˆ − i∂t
]|Φ〉 = M∑
l=1
λklφl(~x, t). (47)
After multiplying both sides with φ∗l (~x, t) and integrat-
ing, one finds
〈Φ|iaˆ†kaˆl
[
Hˆ − i∂t
]|Φ〉 =
{
λkl(t) if l ≤M
0 if l > M.
(48)
Since 〈~n|aˆ†kl belongs to M(t) whenever ~n ∈ M(t) and
k, l ≤ M , all λkl(t) here become zero too with the help
of Eq. (45). So for any k and l,
〈Φ|aˆ†kl
[
Hˆ − i∂t
]|Φ〉 = 0. (49)
Expanding the above equation for l > M ,
〈aˆ†klHˆ〉 =
M∑
j=1
〈aˆ†kj〉
∫
d~xφ∗l (~x, t)
(
i∂tφj(~x, t)
)
. (50)
Since the SPDM can be noninvertible, we reduce the den-
sity matrix by eliminating unoccupied orbitals in which
the eigenvalues of the SPDM becomes zero (relative to
O(N) in the limit N → ∞) after diagonalizing the
SPDM. In the process of diagonalizing the SPDM, the
orbitals are unitarily transformed so that the essentially
unoccupied orbitals can be found and eliminated. Intro-
ducing the inverse of this reduced density matrix 〈ρki〉 ≡
〈aˆ†ki〉 ≡ 〈aˆ†kaˆi〉 when the O(N) occupied orbitals exist up
to theM1th orbital (
∑M1
i=1〈ρ〉−1ki 〈ρij〉 = δkj) and using the
completeness relation
∑∞
l=1 φ
∗
l (~x
′, t)φl(~x, t) = δ(~x
′ − ~x),
the evolution equation of the orbitals acquires the form
i∂tφk(~x, t) =
M∑
l=1
tlkφl(~x, t) +
∞∑
l=M+1
M1∑
i=1
〈ρ〉−1ki 〈aˆ†i aˆlHˆ〉φl(~x, t)
=
M∑
l=1
tlkφl(~x, t) +
∞∑
l=M+1
M1∑
i=1
〈ρ〉−1ki 〈
[ M1∑
n=1
ǫlnaˆ
†
in +
M1∑
n,p,q=1
Vlnpq aˆ
††
inpq
]
〉φl(~x, t)
=
M∑
l=1
tlkφl(~x, t) +
∞∑
l=M+1
[
ǫlk +
M1∑
i,n,p,q=1
Vlnpq〈ρ〉−1ki 〈aˆ††inpq〉
]
φl(~x, t)
(51)
for k ≤M1.
We divide the evolution of the orbitals into two parts.
We call the left l ≤M part of Eq. (51) inner rotation and
the right l > M part of Eq. (51) rotation toward the out-
side the sub-Hilbert space. Since the sub-Hilbert space
spanned by M orbitals,
∑M
i=1 ciφi(~x, t), does not change
under inner rotation, we realize that only a rotation to-
ward the outside deforms the sub-Hilbert space. For the
evolution inside the sub-Hilbert space, i.e. the inner rota-
tion, we simply use tij defined in (16), which can be any
Hermitian matrix. Using Eq. (45, 49, 51), the expression
for the error Eq. (40) can be strongly simplified:
〈Φ|[Hˆ − i∂t]†[Hˆ − i∂t]|Φ〉 = 〈Φ|[1
2
∞∑
i,j,k,l=1
Vijkl aˆ
††
ijkl
][
Hˆ − i∂t
]|Φ〉 = 1
2
M1∑
i,j=1
∞∑
k,l=1
Vijkl〈Φ|aˆ††ijkl
[
Hˆ − i∂t
]|Φ〉
= −
M1∑
i,j,k,n,r,s,p,q=1
∞∑
l=M+1
VijklVlspq〈aˆ††ijkn〉〈ρ〉−1nr 〈aˆ††rspq〉+
M1∑
i,j,k,s,p,q=1
∞∑
l=M+1
VijklVlspq〈aˆ†††ijskpq〉
+
1
2
M1∑
i,j,p,q=1
M∑
k=1
∞∑
l=M+1
VijklVlkpq〈aˆ††ijpq〉+
1
2
M1∑
i,j,p,q=1
∞∑
k=1
∞∑
l=M+1
VijklVlkpq〈aˆ††ijpq〉.
(52)
The above equation represents our main result, rendering
the error of many-body quantum evolution upon trunca-
tion systematically computable. As clearly seen, the er-
ror stems entirely from interactions. In other words, the
error does not depend on the choice of tij and even on the
single particle energy matrix ǫij for any given truncated
initial state, provided the evolution of the state, ∂t|Φ〉, is
optimally taken as in Eq. (45, 49, 51).
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B. Determining the number of orbitals dynamically
When the error becomes large or, alternatively, when
we aim at describing the system more precisely, we have
to increase the number of orbitals M1 into M . The
(M − M1) additional orbitals then can be determined
by variation of the error with respect to φu(~x, t) where
M1 < u ≤ M , and subject to the orthonormalization
condition
∫
d~x φ∗u(~x, t)φv(~x, t) = δuv. The method of La-
grange multipliers for functional variables gives the sta-
tionarity condition
M1∑
i,j,k,n,r,s,p,q=1
Vijku
(
Vˆspφq(~x, t)
)〈aˆ††ijkn〉〈ρ〉−1nr 〈aˆ††rspq〉 −
M1∑
i,j,p,q=1
M∑
k,s=1
Vijku
(
Vˆspφq(~x, t)
)〈aˆ††ijk aˆ†spq〉
=
M∑
v=1
µuvφv(~x, t). (53)
While this is an equation for the additional orbitals, the
additional orbitals are difficult to obtain directly from
the above equation. In pratice, we can choose at best
some orbitals that will approximately satisfy the above
equation.
Therefore, we use the method of steepest constrained
descent again. From an initial trial orbital, we propagate
the orbital toward
dφu(~x)
dτ
= −∆φu(τ)
[ M1∑
i,j,k,n,r,s,p,q=1
Vijku
(
Vˆspφq(~x, t)
)
× 〈aˆ††ijkn〉〈ρ〉−1nr 〈aˆ††rspq〉 −
M1∑
i,j,p,q=1
M∑
k,s=1
Vijku
(
Vˆspφq(~x, t)
)
〈aˆ††ijk aˆ†spq〉 −
M∑
v=1
µuvφv(~x, t)
]
,
(54)
so that the error become minimized with this additional
orbital. If we propagate orbitals separately and itera-
tively one after another, i.e. only the uth orbital changes
along τ , the constraint becomes
∫
d~x φ∗v(~x)
φu(~x)
dτ
= 0 for
v 6= u and ∫ d~x (φ∗u(~x)φu(~x)dτ + φ∗u(~x)dτ φu(~x)) = 0. Then
the undetermined Lagrange multipliers become
µuv =
M1∑
i,j,k,n,r,s,p,q=1
VijkuVvspq〈aˆ††ijkn〉〈ρ〉−1nr 〈aˆ††rspq〉
−
M1∑
i,j,p,q=1
M∑
k,s=1
VijkuVvspq〈aˆ††ijk aˆ†spq〉,
(55)
where the orbital index ranges are constrained to be
M1 < u ≤M and 1 ≤ v ≤M .
Since the inner rotation can be arbitrarily chosen, we
can take tij = ǫij , which renders the result in a simple
form. The evolution Eq. (46) for the expansion coeffi-
cients becomes
i∂tC~n = 〈~n| 1
2
M∑
i,j=1
M1∑
k,l=1
Vijkl aˆ
††
ijkl |Φ〉 . (56)
This implies the desired property that, when the inter-
action is turned off, the coefficients C~n do not change at
all. The Schro¨dinger equation for the orbitals, Eq. (51),
becomes
i∂tφk(~x, t) = hˆφk(~x, t)
+
∞∑
l=M+1
M1∑
i,n,p,q=1
Vlnpq〈ρ〉−1ki 〈aˆ††inpq〉φl(~x, t)
(57)
for k ≤ M1. The projection toward the outside of the
sub-Hilbert spaceM takes place only on the interaction
term. Thus the option of taking tij = ǫij for the inner
rotation shows the effect of the interaction term in this
explicit manner.
For M1 < k ≤ M , the evolution of the additional or-
bitals can be chosen in any convenient way, since the
time derivatives of the additional orbitals do not occur
in the error measure. The only constraint is the inner ro-
tation. As we have chosen tlk
(
=
∫
d~xφ∗l (~x, t)i∂tφk(~x, t)
)
for M1 < l ≤M and k ≤M1 to be ǫlk, it is a Hermitian
matrix given by tlk = t
∗
kl = epsilon
∗
kl = ǫlk, satisfying
the orthonormality constraint Eq. (42). Taking the ro-
tation toward the outside of the sub-Hilbert space to be
also equal to the single-particle energy matrix, ǫkl for
k > M , the evolution of the additional orbital φl(~x, t) for
M1 < l ≤M is determined by the simple equation
i∂tφl(~x, t) = hˆφl(~x, t), (58)
while the additional orbitals are found from Eq. (54).
We, finally, emphasize again that the key difference to
the MCTDHB approach is that additional macroscopi-
cally occupied orbitals during dynamical evolution can
be found in our approach. By this means, we can handle
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the exceptional case when the SPDM is not invertible,
and increase the number of orbitals under any given cir-
cumstances and boundary conditions.
V. SUMMARY
Using McLachlan’s principle and the methods of La-
grange multipliers and steepest constrained descent, we
have developed a systematic method to describe the
many-body evolution of bosons in a rigorously controlled
manner. Writing the many-body state in Hartree form
and limiting the size of the Hilbert space by truncat-
ing into a finite number of macroscopically occupied field
operator modes, the error from the exact evolution can
be minimized self-consistently. This gives a variation-
ally optimized solution to the evolution of the truncated
many-body state.
We have demonstrated that without two-body inter-
actions, our scheme possesses the desired property that
the evolution of the many-body state can be exactly de-
scribed with zero error, cf. Eq. (52). When interactions
are turned on, the error accumulates during time evolu-
tion. Employing our method, we can evolve the trun-
cated many-body state in an optimized way. Monitoring
the error, we can increase the accuracy of the evolution by
increasing the number of orbitals in a self-consistent way.
By adaptively changing the number of orbitals based on
the instantaneous error measure, we can essentially auto-
matically ensure the validity of the result for the many-
body state.
We conclude by a brief summary of our approach when
it is applied to the well-known and ubiquitous Gross-
Pitaevskiˇı equation. We start by evolving the initial
trial state |Φ〉 along the M = 1 version of Eq. (56, 57)
and simultaneously check whether the error Eq. (52) re-
mains small or not. Monitoring the error Eq. (52), we can
determine under which conditions the Gross-Pitaevskiˇı
equation loses its validity. When this happens, the er-
ror becoming large, we increase the number of orbitals to
M = 2 (thus, here, M1 = 1 and M = 2). The additional
second orbital is found by the method of steepest con-
strained descent, using Eq. (54). Then the subsequent
evolution of the quantum many-body state follows the
M = 2 version of Eq. (56, 57), while the evolution of the
(initially singular) second orbital follows Eq. (58). We
monitor the error Eq. (52) again, checking that the er-
ror is decreased to a sufficient degree. In a self-consistent
manner one then proceeds until some prescribed accuracy
is obtained.
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